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Abstract 

In this paper we analyze the Cardy-Lewellen equation in general diagonal 
model. We show that in these models it takes simple form due to some 
general properties of conformal field theories, like pentagon equations and 
OPE associativity. This implies, that the Cardy-Lewellen equation has 
simple form also in non-rational diagonal models. We specialize our find- 
ing to the Liouville and Toda field theories. In particular we prove, that 
conjectured recently defects in Toda field theory indeed satisfy the cluster 
equation. We also derive the Cardy-Lewellen equation in all sl(n) Toda 
field theories and prove that the forms of boundary states found recently 
in si (3) Toda field theory hold in all sl(n) theories as well. 



* Email address: 

gor . sarkissian@ysu. am 



1 Introduction 



In the last years defects in the Liouville and Toda field theories have attracted 
some attention [2j|9j[]I)J[19j[23j[25] due to their important role as counterpart of 
Wilson lines in AGT correspondence pp. Defects in the Liouville field theory 
were constructed in [30]. In [9], the defects in Toda field theories have been 
written down generalizing the formulas for them derived in [30] ■ It was observed 
in these papers that in spite of non-rational character of these theories defects 
have remarkably simple form, resembling the corresponding formulas in rational 
conformal field theory. Recently also boundary states were analyzed in the sl(3) 
Toda field theory [14], and it was found that they closely related to defects found 
in [9]. These results hint that the simplicity of defects and branes in the Liouville 
and Toda field theories dictated by some general properties of conformal field 
theory not related to rationality. In this paper we analyze general conditions 
causing the simplicity of the Cardy-Lewellen equation. We show that in diagonal 
theories pentagon equation for fusing matrix and associativity of the operator 
product expansion lead to the remarkably simple relation ( Eq. ( TT4l) in section 
1) between structure constant and fusing matrix, in turn bringing to very simple 
form of the Cardy-Lewellen equation. In diagonal rational conformal field theory 
the mentioned relation between structure constant and the fusing matrix is well- 
known, (see for example [HI [T51 [16l LTH1 EQl ETJ [29] ) , but here we rederive it in a 
way, which does not use rationality. Therefore this relation should hold also in 
non-rational diagonal models. Related discussion can be found also in [25]. The 
paper is organized as follow. In section 1 we derive relation between structure 
constant and fusing matrix, taking special care on normalization of fields. Using 
this relation we derive Cardy-Lewellen equation, and show how having a solution 
one can construct boundary states, permutation branes and defects. In section 2 
we consider the Liouville field theory and show how it fits to the general scheme 
developed in section 1. In section 3 we consider sl(n) Toda field theory, and using 
formalism of section 1, derive Cardy-Lewellen equation, describe its solutions, and 
present boundary states, permutation branes and defects. 
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2 Cardy-Lewellen equations in diagonal models 



In this section we derive the relation between structure constant and fusing matrix 
in diagonal models, which will enable us to compute the classifying algebra and 
write down the Cardy-Lewellen equation. This relation is well known in diagonal 
RCFT, where the classifying algebra structure constants are given by the fusion 
coefficients [3l[29]. Here we rederive this relation in a way, which makes clear, 
that it is dictated by the pentagon equation and the OPE associativity and does 
not depend on rationality. Therefore this relation in some way should hold also 
in non-rational diagonal theories. It explains why even in non-rational theories, 
discussed in last years, like Liouville and Toda field theories, simple formulae for 
defects and boundary states have been derived. 

Let us collect the standard stuff on the 2d CFT. Denote by Ri the highest 
weight representations. Denote by T the set of all Ri of the CFT in question. In 
this paper we consider non-rational 2d CFT, i.e. we allow the set T to be infinite. 
Writing J2i we understand the sum over all the set T. As usual, in the case of 
the continuous set T the sum should be understood as an integral, the Kronecker 
delta as the Dirac delta function etc. Nf, are fusion coefficients. The vacuum 
representation is indexed by i = 0, and i* refers to the conjugate representation 
in a sense N^* = l. 

It is convenient to introduce structure constants C,vS.^ _ via full plane chiral 
decomposition of the physical fields [2T][22] : 

j,j,k,k,a,a 

where <p^ a are intertwining operators Rj — > Rk, and a = 1 . . . N^. It is important 
to note that in the case of the models with multiplicities structure constants carry 
also additional indices a and a to disentangle different channels of the fusion. 
Bulk OPE has the form [3] 

(j{kk) 

* W (*l,*l)*(fl)te,3»)= 2^ JT _ ^A^-A^ _ ^A; + A,-A^ )(^) + - • • 

k,k,a,a 

(2) 

By the usual arguments [4] we have for 4-point correlation function ($4$^.$^$^) 
in s channel 



Z-^l jjU(TT) 'kkpP(pp) Vpr 

pp pTpf 



k j 
i I 



7 s — 

ppr 



k j 
1 I 



(3) 
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and t channel 



EV^ nil _ nti _ -pt 
Z^ kkjj(jJ.p.) 'qqll{vvy qvp 
qq /ii/fip 



k j 
i I 



qvp 



k j 

i I 



(4) 



where T' 



PPT 



k j 


and T\ V11 


k j 


i I 




i I 



s and t channels conformal blocks cor- 



respondingly. Conformal blocks as well carry additional indices p = 1 . . . iVE, 
t = 1 . . . Nj t , /j, = 1 . . . Nfcj v = 1 . . . N^i, and similar for the right barred indices, 
to disentangle different fusion channels. Conformal blocks in s and t channels are 
related by the fusing matrix 

Vp 
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PPT 



k j 
i I 



q 



k j 
i I 



qvp 



pr 



k j 
i I 



(5) 



^jjll(rf)^kkpp(pp) r P,Q 



PP pTpT 



k j 
i I 



1' p 



p,q 



k j 
i I 



up 



nqq fiti 

kkjjQip,) qqll(vv) 



Using the relation [3J 

"^'9* 



q,v,p 



k j 

1 I 



- up 



q,s 



3 T 
k* i* 



7172 



pv 



fips^pjl <^T72 



Eq. ([6]) can be written in the form: 

Z> Z> ^jjlT(Tf)^kkpp(pp) r l 

p pT 

E c ; 



qq /-in _ rp 

kkjj(pp) qqll(vv) 9* ,P 



q,p,u 



k j 
i I 



J I 

k* i* 



up 



pr 



pv 



Putting in ([6]) i = i = we obtain the following useful relation: 



For diagonal model 



fjll{Tf) kk,k*k* ~ ^kkjj(Tf)^l*l*,U 



nPP_ - nP x_ X- jl 

^kkfi(pp) ^ki(pp-) u PP* u kk* u n* 



(6) 



(7) 



(8) 



(9) 



(10) 



Eq. (jSJ) takes the form: 



X] C kp(pp) C jl(rf) F P,<l 



k j 



^lj(fiil)^ql(uP) F Q,P 



k* i 
J I* 



Tp 



pr P v 

To derive ( JTTT) we also used the symmetry properties (11601) . reviewed in ap- 
pendix A. 

It is shown in appendix A that the pentagon equation for fusing matrix [31 



P2,S 



j k 
Pi b 



1 fots 



a 2 a 3 



Pi > 



"1 71*2 



Pi 



l S 

a b 

i J 
a p 2 



\U3 



OL\OL2 



i 3 

I k 



u-2 u :', 



(12) 



*2*3 



P2,l 



r k 
a b 



71 "2 



implies the following important relation: 



5>, 



p k 
p k* 

j k 
J k* 



pp 



oo 



k j 
% I 



VfJb 



Fq, p 



I J 
I j* 



(13) 



oo 



pp 



00 



q,p 



k* i 
J I* 



TP 



0,1 



q I 
q I* 



J oo 



It is important to note that all steps performed in appendix A to derive (lT3"j) 
from (112j) . are valid as in rational as well in non-rational theories, namely all 
manipulations work also for infinite set T and infinite fusion coefficients N l - k . 
Therefore the relation f|T3|) holds also in non-rational theories. 

Comparing ( lT3"j) and ( ITTj) we see that (fTTj) can be solved by an ansatz 



ViVj 
VoVp 



0,p 



3 * 
J i* 



pp 



J oo 



with arbitrary rji. To find r)i we set p = 

,o _ ViVi* 



where 



0,0 



i i 
i i 



(14) 



(15) 



(16) 
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Using 



rio 



00 



(17) 



where Ca* are two-point functions and that F Q — 1 one can solve ffTB^) settting 

^ = Uy/C^/Fi (18) 

were a sign factor. We assume that e, can be chosen to satisfy e, t = 

For diagonal models without multiplicities we can derive the relation (fl4|) also 
in the different way. For these models the associativity condition (TTTj) takes the 
form 



riP* riP riO p 



k j 
i I 



riQ r<1* r<0 p 



k* i 
J I* 



(19) 



To derive ( 1T9"j) we used also <Q and the commutativity of the structure constants 
by two lower indices in diagonal models [3]: 



C 3 - = C 3 

ik,cc ki,cc 



(20) 



Setting q — 0, k — j*, i — I in fTT9|) we obtain: 



03 * m* F 0,p 


J 


i 




_ J 


i* 


CooCpp* -fp.o 


" j* 


3 




i 


i 



Using the relation 



j k 




k* k 






j k* _ 


j 3 _ 



F j F k 

Ft 



(21) 



(22) 



obtained in appendix A again as a consequence of the pentagon equation, we can 
write (12 ip in two forms 



and 



riP 



riP 



ViVj 
VoVp 



F o,> 



3 i 
3 i* 

1 



£o£ P 



f p,o 



3 3 

i i 



(23) 



(24) 
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(25) 



where rji is defined in (fT8l) and 

& = rjiFi = ei\/Cii*Fi 

Eq. ( 12T|) determines (123]) and f|24|) only up to sign, but comparison with ([Tj 
shows that the sign ambiguity can be absorbed in factors e,. 

The relation (JT4l) enables as to solve the Cardy-Lewellen cluster equations for 
various D-branes and defects. The Cardy-Lewellen cluster condition for one-point 
functions in the presence of boundary 



reads [3] 



E^, 

k,a,a 



(k,k*) TJ k F 
(U*)(jj*)aa fc 



\z — z\ 2Ai 



r I 
j 3 



no 



ITU 3 



(26) 



(27) 



Putting f[T4"]) in ( 12"?]) . and using formulas (11741) and (I166p in appendix A to 
perform the sums by a and a, we obtain 



where are the fusion coefficients. Defining 



U 



one can write (128]) in the form: 



= WW 



(2? 



(29) 



(30) 



It was shown in [30] that the cluster condition for two-point functions in the 
presence of permutation branes on two-fold product of diagonal models 



<^)(^S*)(^)> 



(2) 



V 



TI i /)•• 

U (2)V U V 



\Zl — Z2\ 2Ai \Zi — Z2\ 2Al 



(31) 



is: 



E 

k,,a,a,c,c 



y(k,k*) Q(k,k*) j 





00 






i* i 




i* 


i 




FkO 






j j _ 


ca 


_ j 


J _ 



00 



jjk 

U (2)P 



TP TP 

U (2)V U (2)V 



(32) 
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Performing the same steps we obtain: 



E^V^dD^^V^ ( 33 ) 



Eq. ( 1331) can be solved by the relation 



2 

to. 



U(2)V = * k (^) (34) 



with ^ fc satisfying fl30|). 

It can be shown that for permutation branes on the iV-fold product, permuted 
by a cycle (1 . . . N), the corresponding equation has the form: 

^ U(N)V N ii J =U (N)V U (N)V (3 5 ) 



and therefore can be solved by the relation 
with again satisfying (1301) . 



Uf N) v = y k (¥) N (30) 



In non-rational theories one should take care that iV|j- are finite. Usually 
in non-rational theories this equation used, when one of the fields, say j, is 
degenerate, and this condition is satisfied. 

It was shown also in [30] that two-point functions in the presence of defect 

D k 

(<S>i i *(z 1 ,z 1 )X<S> iH (z 2 ,z 2 )) = - \2A~T~~ (37) 

satisfy folded version of the cluster condition for the permutation branes on two- 
fold product and therefore given by the U^ 2 )v divided by the OPE coefficients 
^kk*- 

ik _ vrvfc (&\ Coo _ , Tr fc ■ 



D k = yk s« ^uu_ = ykp k (3g) 

In rational conformal field theory one has also the relation 

Fk = ^ (39) 



In RCFT two-points functions can be normalized to 1. Therefore in RCFT 
= ^g. Eq. flU]) is solved by 

K = (40) 



s 



Taking also into account the relation between one-point functions U k and coeffi- 
cients of the boundary state B k 

r>k 

(41) 

we obtain the formulae for the Cardy states [8]: 

B k = (42) 



*> = £a£i*», ( 43 ) 



where \k)) = \ k, N) <8> U\k, N) are Ishibashi states, 
permutation branes |28j : 

S n 



B (N)k _ Oak (u) 
k ^ 

where \k,k))p are permuted Ishibashi states [28J, 
and defects [21] : 

V k = Sak (46) 
OOk 

x = j2 vkpk ( 47 ) 

where 

P k = J2(\ k > N ) ® ^| ® (fc*,JV|) (48) 

2V,iV 

correspondingly. We denoted by \k, N) the orthogonal basis of the highest weight 
representation k and U is an antiunitary operator acting on k by conjugation. 

One can hope that (j3HD holds in non-rational theories as well, since it reflects 
the equality of two expressions for the quantum dimension computed in two 
different ways [2TII22]. 

In the case of non-rational theories one may have also continuous family of the 
boundary states, which can be obtained in the following way. Assume we consider 
the Cardy-Lewellen Eq. (1251) for j being a fixed degenerate state and i is a generic 
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state. One can treat in this case CP as a constant parameter A characterizing a 
boundary condition [12]. Setting = A one gets linear equation 

^2 A k N^ = h?Aj- (49) 

where 

U k = A k £ k (50) 

Correspondingly the continuous family of the AT- fold permutation branes is 
given by solution of the equation 

E A w^ = A w^(|) ( 51 ) 



where 



and the continuous family of defects, after folding of the two-fold permutation 
branes, is given by the following functions 

D k = A k 2)v F k C 00 ( 53) 



3 Liouville field theory 

Let us review basic facts on the Liouville field theory (see e.g. [31J). Liouville 
field theory is defined on a two-dimensional surface with metric g a b by the local 
Lagrangian density 

C = ^g ab d a <pd b <p + /ie 2 ^ + QRp (54) 

47T 47T 

where R is associated curvature. This theory is conformal invariant if the coupling 
constant b is related with the background charge Q as 

Q = b+\ (55) 
o 

The symmetry algebra of this conformal field theory is the Virasoro algebra 
[L m , L n ] = (m - n)L m+n + ^|(n 3 - n)8 n _ m (56) 
with the central charge 

c L = 1 + 6Q 2 (57) 
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Primary fields V a in this theory, which are associated with exponential fields 
e 2a(fi , have conformal dimensions 

A a = a(Q - a) (58) 

The fields V a and Vg_ a have the same conformal dimensions and represent 
the same primary field, i.e. they are proportional to each other: 

V a = S(a)V Q - a (59) 

with the function 

q( s = {*m{b 2 )f 1(Q - 2a) r(l - HQ - 2a))T{-b-\Q - 2a)) 
{a> V T(b(Q-2a))T(l + b- 1 (Q-2a)) { ' 

Two-point functions of Liouville theory are given by the reflection function (|60|) : 

(V a (z l7 Zi)V a (z 2 , Z 2 )) = r^-^ — ^- (61) 

(zi - z 2 y^ a {zi - z 2 ) a 

The spectrum of the Liouville theory is believed [SHI] to be of the following 
form 



U = I dP R<i +lP ®R<i +i p (62) 



o 



where R a is the highest weight representation with respect to Virasoro algebra. 
Characters of the representations -Rq,, p are 

2 + 

Mr) = ^ (63) 

where 

oo 

V (r)= q 1 ^H(l-q n ) (64) 

n=l 

Modular transformation of f)63p is well-known: 



\) = ^j XP>(r)e^ pp 'dP' (65) 



Degenerate representations appear at a m ^ n = + ^-^-b and have conformal 



26 

dimensions 

->2 



Q74 - + nb) 2 /A (66) 
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where m, n are positive integers. At general b there is only one null- vector at the 
level mn. Hence the degenerate character reads: 

-(m/b—nb) 2 



q-(m/b+nb) 2 _ - 



7](t) 



Modular transformation of (1671) is worked out in [33J 



Xm.n ( ) 
T 



2V2 / X p(r)smh(27rmP/b)smh(27rnbP)dP 



(67) 



(68) 



Given that the identity field is specified by (m,n) = (1, 1) one finds the vacuum 
component of the matrix of modular transformation: 



5*00 = — i2y/2 sin n/b(2a — Q) sin7r6(2o; — Q) 



(69) 



We have all the necessary ingredients to compute classifying algebra: two-point 
function S(a) and vacuum component of the matrix of modular transformation. 
Before to continue let us recall that both of them can be conveniently written 
using ZZ function [33J: 



2 3 / 4 e 3 ^/ 2 (7r/x 7 (6 2 ))-T 7 r(Q - 2a) 
T(l - b(Q - 2a))r(l - b~ l {Q - 2a)) 



W{a) 



It can be easily shown that 



W(Q-a) 
W{a) 



S{a) 



and 



W{Q - a)W(a) = S 0a 
Recalling f l39]) F a takes the form: 



(70) 



(71) 



(72) 



(73) 



a W(Q-a)W(a) 
Combining ( I7T1) and ( 1731 we obtain coefficients ^ Q for the Liouville field theory: 

ySoo 



a) 



W(a) 



Eq. (El) implies: 



^01,02 a 3,0 



a\ a\ 
a 2 a 2 



W{0) 



W(a 3 ) 



W{a 1 )W{a 2 ) 



(74) 



(75) 



12 



As we explained in formulae ( 174)) and (I75j) could appear a sign factor. But below 
we check that here it is actually absent. 

Let us compare (1751) with the calculations in literature. First of all recall the 
following calculations in [T2] : 



C 



a-b/2 p 
-b/2, a P a-b/2,0 



-6/2 -6/2 



a: 



a 



r(-l- 26 2 )r(2a6-6 2 ) 
r(-6 2 )r(2a6-26 2 - 1) 



(76) 



a+b/2 p 
-&/2,a^<*+&/2,0 



-6/2 -6/2 



a 



a 



7r/i 7 (6 2 )6 4 r(-l - 26 2 )r(2a6 - 6 2 - 1) 
r(-6 2 )r(2a6) 



(77) 



It is straightforward to check that right hand sides of ( 1761) and ( 1771) can be 

correspondingly in agreement with 



written as 
751). 



W(0) W {a-b/2) 
W(-~|) W(«) 



and 



VK(0) VK(a+b/2) 



Next we compute the left hand side of (1751) using DOZZ formula for struc- 
ture constants and the explicit expression for fusing matrix found in [26]. It is 
instructive at the beginning to repeat the steps leading from ( 1T91) to (I24j) for 
the Liouville theory using the DOZZ formula. Recalling the relation between 
three-point functions and OPE structure constant 



C(a u a 2 ,Q - a 3 ) (78) 
the associativity condition of the OPE in the Liouville field theory takes the form: 



C(a 4 , a 3 , a s )C(Q - a s , a 2 , ai)F a8)Q 
= C(a 4 , a u a 1 )C(Q - a t , a 3 , a 2 )F a 



a 3 a 2 
a 4 oti 

ai a 2 
a 4 «3 



Consider the limit a t — > in ( 179]) . 
From the DOZZ formula: 

C( ai ,a 2 ,a 3 ) = \(Q~&^)/ b x 

T b (b)T b (2 ai )T b (2a 2 )T b (2a 3 ) 



(79) 



JO) 



T b (ai + a 2 + a 3 - Q)T b (a 1 + a 2 - a 3 )T b (a 2 + a 3 - ai)T b (a 3 + aii — a 2 ) 



where 



A = 7r/i7(6 )6 : 



2\t2-2& 2 
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one can obtain [3T 



C(a 2 ,e, ai) 



2eS(a 1 ) 



+ 



2e 



(a 2 — oti + e)(ai - a 2 + e) (Q - a 2 + cti + e)(ai + a 2 - Q + e) 

(82) 

Using the reflection property 



C(a 3 , a 2 , oti) = S(a 3 )C(Q - a 3 , a 2 , an) 
one receives in this limit, setting also a% = a^, a 2 = a 3 



C 2 (a 2 , at, ai s ) 



(83) 



4S(cti)S(a 2 )S(a s ) 


ai a 2 
oti a 2 




5(0) 

hm e _> e 2 F agte 


a 2 a 2 

Oil Oil 



54) 



It was shown in 132] that the limit 



F" 



a 3 a 2 

0?4 Oil 



= lim^o/? 2 F a> 



exists and satisfies the equation: 



F a,0 



a 2 a 2 



0,a 



a 2 a.\ 
a 2 ai 



a 3 a 2 

Oti Oil 



F F 



15) 



(86) 



Putting f[8"B"j) in §M§ one finally gets: 
C(an,Oi 2 ,a s )Fa S)0 



Cti Oli 

ct 2 a 2 



2W(0) 



W{Q - ois) 
W(on)W(oi 2 ) 



J7) 



Here a sign factor could appear, but below we show that actually (!H7j) holds 
without it. Recalling the relation (ITS]) and ( 183]) we obtain (175|) . The factor 2 
comes from the normalization of the DOZZ formula. This derivation also explains 
that the double pole in the fusing matrix is related to the simple pole in the DOZZ 
formula. 

One can compute the limit f )85|) also direct tyQ. Recall that the boundary 
three-point function is given by 



9fo 3/31 



& 0i 
cr 3 Oi 



(88) 



^See for similar calculations also 25l. 
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where 

5? 



r 6 (Q)r 6 (Q - 2/?)r b (2a 1 )r fe (2Q - 2o 3 ) 



Y h (2Q -p-a x - fT 3 )r 6 ((7 1 + a 3 - /0)r 6 (Q - /3 + <7i - a 3 )r b (Q - /3 + (7 3 - (Jx] 

(89) 

Therefore the fusing matrix can be expressed as 



02 Pi 

a 3 a t 



(90) 



On the other side CqZf^^ has a pole with residue 1 if fix + (3 2 — P 3 = 0. 
Therefore using the invariance of the fusing matrix w.r.t. to the inversions a, — > 
Q — oti one can write for the corresponding residue of the fusion matrix 



o-2,0 



Pi Pi 
o x Ox 



Q-Pi Pi 

o x Ox 



9Q 



(91) 



Using the explicit expressions ( 189]) for g^ 1 , the DOZZ formula ( )80|) for struc- 
ture constants and the relations 



r h (x) 



i 



T b (x)T b (Q - x) 



it is easy to compute that 



2 l/4 e -3i7r/2 



V h {2a-Q) 



2tiW(Q - ox)W{Q - o 2 ) 



W(Px) 

Using the formula (193]) one can compute the limit 

1 



C(ox,o 2 ,Px) 



lmig. 



and obtain that it has simple pole with the residue 

2-1/4^/2^(0) 

irW(ox)W(Q-ox) 
Combining ( |94"|) and ( )96|) we again derive (|87|) . 
This derivation shows that the fusing matrix element F a2 o 

Ox Ox 

has double pole: one degree comes from the pole of the three-point 
Cqq!^ /3i and the second from the pole of the a\ a x . 



(92) 
(93) 

(94) 
(95) 



Pi Pi 



(96) 

indeed 
unction 
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We have shown that (1751) or (1HTJ) indeed always hold with understanding that 
in the case of singular behavior one should take the coefficients of the leading 
singularities. 

Note that ( IHTj) evidently satisfies the reflection property ( 1831) since the fusing 
matrix is invariant under the inversions a — > Q — a. 

Having demonstrated that (175|) holds in the Liouville field theory we can use 
the formulae of the section 1 for the defects and boundaries. This will enable us 
to rederive and write down the formulas for D-branes in the Liouville field theory 
derived in [T2] and [33], and for defects and permutation branes in [30] in the 
simple and elegant way. 

With j = — |, i = a, and k = a ± 6/2, the equations (1301) and (j49l) take the 
forms: 

(a)tf (-6/2) = (a - b/2) + (a + 6/2) (97) 

and 

^wW~ AK{a) = Ha ~ m + A{a + m m 

correspondingly. We denoted in ( 198]) by A one-point function U(—b/2), which to 
derive the continuous family of the branes will be treated as a constant parameter 
characterizing a boundary condition. 

The solution of the equations (l97j) and (198|) are 



^ , v _ sin(7rm6 1 (2a - Q)) sin(7rn6(2a - Q)) _ S m , na , gg s 
sin(7rm6 _1 Q) sin(7m6Q) S'm^o 

and 

A, (a) = 2 1/2 cosh(27rs(2a - Q)) (100) 

with 

2cosh2vr6 S = A^_^l (101) 

respectively. 

Using equations of section 1 we have one-point functions for ordinary branes 

tfm,n(oO = *m,*(a)S| (102) 



permutation branes on A^-fold product 

N 



(103) 
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and defects 

■m.n^J-^- (104) 



Using (|4T|) one derives boundary state coefficients for ordinary branes: 

u m,n < 



R mAa) = (105) 



permutation branes on iV-fold product 

jN i - _ 

Vm,rA ) W N^ 

and defects 



B vm» = 4^ (106) 



V m , n (a) = %^ (107) 

>->0a 

For the continuous family one gets similarly, using , (15Tp , and (I55|) , bound- 
ary state coefficients for ordinary branes 

*.(<•> - #H ("»> 

permutation branes on iV-fold product 

= si < io9 > 

and defects 

2>.(a) = (110) 

>->0a 

(a) is again given by the function fllOOp . but the relation (jlOip now takes the 

form 

2cosh2 ^(^)" an, 
4 Toda field theory 

Recall some facts on Toda field theory [TT]. The action of the sl(n) conformal 
Toda field theory on two-dimensional surface with metric g a b and associated to 
it scalar curvature R has the form 

A = j ^a b (4^)+/i^e^ + ^^^ y/gtPx (112) 
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Here ip is the two-dimensional (n — 1) component scalar field ip = (<pi . . . (p n -i): 

n-1 

(p = ^2(Piei (113) 

i 

where vectors are the simple roots of the Lie algebra sl{n), b is the dimension- 
less coupling constant, \x is the scale parameter called the cosmological constant 
and (ejt, <p) denotes the scalar product. 

If the background charge Q is related with the parameter b as 

Q=(b+ l ^jp (114) 

where p is the Weyl vector , then the theory is conformally invariant. The Weyl 
vector is 

n— 1 



2 

e>0 i 

where Ui are fundamental weights, such that (ui,ej) = 

Conformal Toda field theory possesses higher-spin symmetry: there are n — 1 
holomorphic currents W k (z) with the spins k = 2,3, . . .n. The currents W k (z) 
form closed W n algebra, which contains as subalgebra the Virasoro algebra with 
the central charge 

c = n - 1 + 12Q 2 = (n - 1)(1 + n(n - 1)(6 + b' 1 )) (116) 

Primary fields of conformal Toda field theory are the exponential field param- 
eterized by a (n — 1) component vector parameter a, a — a i u ii 

V a = e {a '^ (117) 

They have the simple OPE with the currents W k (z). Namely, 

»*10W = ^ (U8) 

The quantum numbers w^ k \a) possess the symmetry under the action of the 
Weyl group W of the algebra sl(n): 

w {k \a) = w {k \Q + s(a-Q)), seW (119) 

In particular 

w^(a) = A(a)= ^ 2Q - a) (120) 
18 



is the conformal dimension of the field V a . Eq. (11191) implies that the fields 
related via the action of the Weyl group should coincide up to a multiplicative 
factor. Indeed we have 113] 



Rs{a)V Q+Ka - Q ) = V a (121) 

where R§(a) is the reflection amplitude 

A{Q + s{a-Q)) 

RtW = jt~\ 122 

A(a) 

A(a) = (ir f i 1 (b 2 )) i ^r £l T = ; r, (123) 

K> K ^ n )J ne>o r(l-6(a-Q,e))r(-6- 1 («-Q,e)) 1 ; 

where 

H = ^- 1 v / detC^ (124) 
and C is the Cartan matrix. Two-point functions in Toda field theory are 

(V a {z 1 ,z 1 )V a *(z 2 ,z 2 )) = * ( " } _ (125) 

(zi - z 2 ) 4Aq (-2i - -2 2 ) 4Aq 

where R(a) is the maximal reflection amplitude defined as 

R(a) = (126) 

and a* is defined by 

(a,e k ) = (a*,e n - k ) (127) 

The representations which appear in the spectrum of sl(n) Toda field theory 
have momenta 

n— 1 

a 



eQ + i^PiUJi (128) 



where Pi are real. 

To describe degenerate representations it is useful to write a as 

a = Q + u (129) 

Degenerate representations appear at the momentum v satisfying the condition 

-(v,e)=rb+^ (130) 
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where e is a root. Without loss of generality we can classify semi-degenerate 
representations by a collection of simple roots X for which the equation is satisfied: 

- ( v eA = rb + j i el (131) 
o 

Fully degenerate representations appear when X consists of all the simple 
roots. It is easy to show that for fully degenerate representations a takes the 
form: 

"flilRa = -bXi - ^A 2 (132) 

where Ai and A 2 are highest weights labelling irreducible representations R\ and 
i?2 of sl{n). 

The identity representation, as in the Liouville case before, belongs to the set 
of the fully degenerate representations. 

To characterize generic semi-degenerate representations we need more nota- 
tions. Denote by Aj subsystem of roots which are linear combinations of the 
simple roots in X, and by p x restricted Weyl vector as half sum of the positive 
roots in Ax- For semi-degenerate representations v takes the form 

Vi>,Ri,R 2 = v-{Px + Ai)6 - (pi + \ 2 )/b (133) 

where v is continuous component of the v in the direction orthogonal to simple 
roots in X, and Ai and A 2 are highest weights labelling an irreducible represen- 
tation Ri and i? 2 of the Lie algebra built from Aj. The elements of the matrix 
of modular transformation have been computed in [9] and given by the following 
expressions: 

S Pa = E'£ e (ujy™("(P-QU-Q) (134) 

S RllR2 , a = XRAe 2mb{Q - a) )XRAe 2mb ' 1{Q - a) )So a (135) 
S 0a = E J^4sin(7r6(a — Q, e)) sin(— — (a — Q, e)) (136) 

e>0 

Sv Ri \r 2 , q = E eMe^^tote"^ 1 ^) x (137) 

X R 2 {^ lh '^ 1{Q - a) ) II 4sin(vr6(«-g,^(e)))sin(-^(a-g,^(e))) 

eeA+ 
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Xi?(e x ) are Weyl characters: 



XR(e x ) 



(ui(p+X),x) 



(138) 



and H is defined by (I124p . 

Note that as in the Liouville field theory in the Toda field theory holds the 
relation as well 

A(a)A(2Q - a) = S 0a (139) 

Recalling ( 1391) we are ready to compute the coefficients £ Q and r\ a in the Toda 
field theory: 



T 

a '-a 1 



l A(2Q-a) 



S, 



no 



oo 



A(a) A(ar)A(2Q-a) 



A(a) 



(140) 



T 

?7o = fa" 



'A(2Q-a)v4(a)A(2Q-a) 



A(2Q - a) 



A(a) Soo 

Here e Q denotes a possible sign factor. 

Therefore one has in the Toda field theory 



r a a e ai e Q2 A(2Q - a 1 )A(2Q - a 2 , 



(141) 



00 



e e Q3 A(2Q)A(2Q - a 3 ) 



0,O3 



a% a,\ 

a 2 Ol\ 



oo 



(142) 



Here fi and fi label multiplicity of the representation appearing in the fusion 
of ot\ an d «2- Eq. f)142p implies: 



< - / o 1 ,o 2 ,M/i Q 3,0 



hp 



a 1 o>i 
a 2 a 2 



oo 



mm 



A{0)A{a s ) 



e e Q3 A(ai)A(a 2 ) 



Ol02 



(143) 



Some comments are in order at this point. 

1. Presently we have no closed expressions for fusing matrices and structure 
constants in the Toda field theory, and cannot verify the expression ( 1142ft fully as 
we have done in the Liouville field theory. But in the absence of these expressions, 
the formula (I142j) can help to draw many conclusions on different aspects of the 
Toda field theory. 

2. Actually we can use equation (I143p only for a 1; a 2 and a 3 possessing finite 
fusion multiplicity. This is always true for important for us case of the degenerate 
represent at ions . 
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3. In the Toda field theory one has also analogue of the relations (178!) and 
(|83|) in the Liouville field theory. In the Toda field theory they read: 

Ca!, a2 = C{a u a 2 ,2Q-a 3 ) (144) 

and 

C{a% >) a 2 , «i) = R(a 3 )C(2Q - a 3 , a 2) «i) (145) 

It is easy to see that the relation (I142p is in agreement with (I144p and (I145p . 
observing that: 

a) the fusing matrix is invariant under the Weyl reflections of the primaries, 
since they do not change the conformal dimensions, and therefore it is invariant 
under the replacement a* — > 2Q — ctj of any of its variables, and 

b) using the definition (I127P one can prove that the function A(a) is the same 
for a and a* 

A(a) = A{a*) (146) 

We assume that possible sign factors satisfy e a = e a * = e 2 Q-a- 

4. It was computed in [14] that for s/(3) Toda field theory 



/~ia—bh rp 
i ~'-buj 1 ,a r a-bh,0 



a a 
—buii —buii 



r(-2 - 3b 2 ) tt jj A(a - bh) 
T{-b 2 ) 7 (-6 2 ) A{a) 



(147) 



where h e H w . and H u 



{uii,ui 2 - uii, -uii}. 



It is easy to show that for s/(3) Toda field theory 



rf-2 - 3b 2 



A(0) 



148) 



T(-b 2 ) 1 (-b 2 ) A(-bcui) 
Recalling that for this case there are no multiplicities we have perfect agree- 
ment with (I143p . We also see that for this case (11431) satisfied without any sign 
factor. 

The degenerate fields have in their OPE with general primary V a only finite 
number of primaries V a > 



(149) 



where a' sp = a — bh^ 1 — b 1 h^ 2 . h^ 1 are weights of the representation Ai: 



n-l 



(150) 
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where s« are some non-negative integers. 

Given the relation fl 143j) we can write down the Cardy-Lewellen equations 
( 1271) for Toda field theory when one of the primaries, say j, taken the degenerate 
one, using general formalism developed in section 1. 

Eq. (130]) in Toda field theory takes the form: 

*(a)*(-6w fc ) = J^#(a -&/#*) (151) 

s 

The solution of the equation ( I15ip is given as in the rational conformal field 
theory by the relation of elements of the matrix of the modular transformation: 



*W«) = f^ (152) 

"Ji?l|il2,0 



Continuing as in the previous sections we obtain discrete family of the bound- 
ary state coefficients for ordinary branes, permutation branes and defects: 

B Ri \r 2 (®) = ^(a)'" 6 " ( - 153 ' ) 

5 W«) = |^ (154) 

*W«) = ( 155 ) 

<~>0a 

The continuous family eq. ( 1491) takes the form: 

A{a)Ak ^r = ^ A(a ~ hh7) (156) 

We denoted in f ll 56[) by one-point function U{—buk)i which to derive the con- 
tinuous family of the branes will be treated as a constant parameter characterizing 
a boundary condition. The equation ( 11561) as before can be solved by the ele- 
ments of the matrix of modular transformation corresponding to non-degenerate 
and semi-degenerate representations: 

A/3(a) = S Pa (157) 

Dividing (I157P and ( 11 58[) by A(a)/e a , A N (a)/e^ and S 0a , we obtain ordinary 
branes, permutation branes and defects correspondingly. 
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A Properties of the fusing matrix 

Here we analyze various consequences of the pentagon equation 

B,Pl,t2,t 3 







p 2 t 3 




71*2 




U2U3 


3 


k ' 




i s 


F 

± s,r 


i J 






F pi,i 






_ Pi 


b 


a b 


I k 






0203 








t 2 t 3 



(159) 



5>„ 

Pi 



I J 

a p 2 



01U3 



P2,l 



r k 
a b 



7l«2 



Pl<*3 



First of all let us review some important properties of the fusing matrix. 
Fusing matrix possesses the following symmetry properties [22] 



p,q 



k j 
% I 



cd 



ab 



p ,q 



j k 

I* i* 



cd 



ba 



P,Q 



i* I 
k* J 



de- 



al) 



p",q" 



I i* 

j* k 



dc 



J ba 

(160) 

Next we need to know behavior of the fusing matrix when one of the entries is 
the identity [31Q1]: 



c,p 



c,p 



c,p 



c,p 



i 

b a 

'0 j 

b a 

i J 

b 

* j 

a 



Pt 

aiQ!2 
Pt 



«102 
Pt 



«1«2 
Pt 



0102 



- OpidacOazodtoSa-Lp 
= SpjSbc8a 1 o8to8a 2 P 

- 5pb5j C 5 ai t5/3o5 a2 o 

Opa* O c i* 



(161) 

(162) 
(163) 
(164) 
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The equations (11601) and (I164p in some models hold only up to some sign factors. 
Here for the sake of simplicity we do not consider these factors, which after all 
do not change the main statements of the paper. 

Now we are ready to derive the necessary relations. 

Setting in H159[) p\ = 0, implying also i = a, s = b* , j* = p 2 , (3 2 = 0, t 3 = a 3 , 
cti = 0, a 2 = one obtains: 



t2 



a b* 
a b 



71*2 



00 



b* ,r 



a 3 
I k 



U 2 U 3 
- t2«3 PI 





P1U 3 


a 3 






. a J 






00 



r k 
a b 



71 u 2 



/3l«3 

(165) 

Setting in (I165p additionally r = 0, j = a*, k = I, u 2 = 0, u 3 = 0, f3\ = 0, 

7! = a 3 we get 



12 





71*2 




a b* 


a a* 




a b 


I I 




00 





00 



*2«3 



0,0 



n 00 



a a 
a a 



"71, ot'A — Fa$- 



7i> a 3 



00 



(166) 

Setting in (I159|) / = 0, r = k*, i* = s, a = b, 71 = 0, t 2 = 0, u 2 = 0, u 3 = t 2 
we receive 



Fp2,i* 

02 



pi,k* 



P2,0 



/3lM3 

k* k 

a a 
"(167) 

Setting in (11671) p 2 = 0, j = pi, k = a* , a 2 = 0, a 3 = 0, f3 1 — 0, a.\ — u 3 we get 







P2U3 






00 


3 


k ' 














F Pi,0 








a 






a a 


C102 




a 2 az 







* 3 
a p 2 



a±a2 



00 



/3ic*3 



/3 2 



1 P2«3 



-Fj\o 



00 



n 00 



% 1 
a a 



F 8 

± a u ai 



(168) 



Eq. ( 11651) implies 



a 2 



- 71 «2 



J P2 
3 P*2 



F r. 

1 f>2,«* 



00 



Multiplying (H67D by F , P1 
derive 



pi a 
J P2 



(X2OLZ f 1 
71 OL2 



3 
_ 3 


k ' 


/J.U3 


i* a 


k* 


-Rc*,pi 

00 


3 P*2 _ 



(169) 

summing by a 2 and using (I169P we 



-| 71/32 



00 
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01,Ot2 







flU 3 




71 @2 
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k ' 




i* a 




i i* 


k* 




j P*2 _ 






_ J 


00 
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£tc*3 





00 



a p 2 



PlU3 



P2,0 



Ct\Ct2 

Eq. (TT66D and IjlSBjl imply 



A;* fc 
a a 



oo 



Fa, 



0,Pi 



J 

j P*2 



71 "2 



00 



E^- 

ai 

C*3 

Multiplying ([170]) by F , a 





I/Ql 




z pi 
. 1 Pl . 


F P i,o 


z z* 


00 


a a 



P2 a* 


a 3 p 

Fp 2 ,0 


" k* 


k ' 


P2 a 


00 
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a 



00 



00 



F^. 



i pl 



(170) 



(171) 
(172) 



and summing by a\ and then multi- 



plying by F 0ik 
obtain 



P2 a 
P2 a 



00 



and summing by a 3 , and using f)17ip and (j!72j) we 



oo 
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J k* 
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oo 



z" a 

J P2 



71 v 
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(173) 
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00 


_ J 
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00 



Setting in (11731) p 2 = 0, p\ = j, k = a*, = 0, a 3 = 0, fi = z/, a 2 = 0, p = 0, 

us = «i we get 



FF 



i-T0,i* 



-1 vu z 



00 



Ffc*F 0i fc. 



i j* 



00 



(174) 



Using (I174p we obtain from f)173p 
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Using (I174p one more time and the symmetries (I160p we derive: 
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In the absence of the multiplicities Eq. f)166p and 01741) take the forms: 
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Combining ffTTTI) . (fTTHD we get 
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In the absence of the multiplicities the symmetry properties (I160p take the form: 
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